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The oscillatory and asymptotic behavior of solutions of a class of nth order 
nonlinear differential equations, with deviating arguments, of the form (E, 6) 
L,x(t) + Sq(t) f(x[ g,(t)],..., x[ g,,,(t)]) = 0, where 6 = + 1 and 
Lox(t) = x(t), L&t) = a,(t)&_ ,x(t))‘, 
k = 1, 2 ,..., n (’ = d/dt), 
is examined. A classification of solutions of (E, 6) with respect to their behavior as 
t + co and their oscillatory character is obtained. The comparisons of (E, 1) and 
(E, -1) with first and second order equations of the form y’(t) + cl(t)fly[ g,(t)],..., 
vlg,(t)]) = 0 and (a,+,(t)z’(t))’ - c2(f)f(z[g,(t)l,..., z[g,,,(t)l) = 0, respecti&‘, 
are presented. The obtained results unify, extend and improve some of the results by 
Graef, Grammatikopoulos and Spikes, Philos and Staikos. ‘c‘ 1984 Academic press, h-a. 
1. INTRODUCTION 
In the last few years the behavioral properties of the solutions of both 
ordinary and functional differential equations of arbitrary order have 
received a great deal of attention. As examples, we refer the reader to the 
papers of Graef et al. [5-71, Grammatikopoulos et al. [&lo], the present 
authors [l-4], Kartsatos [ 11, 121, Philos [17, 181, Staikos [20] and 
Trench [24]. 
Here we obtain results concerning the oscillatory and the asymptotic 
behavior of the solutions of the equation 
J&w + ~q(t)f(x[g,(t)l,...,x[g,(t)l) = 0. 6% 4 
Some specific comparisons to known results will be made in the text of the 
paper. We also mention that we do not stipulate that the functions gi 
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(i = 1, 2,..., m) in Eq. (E, 6) be either retarded or advanced. Hence our 
theorems may hold for ordinary, retarded, advanced, and mixed type 
equations. 
2. PRELIMINARIES 
Consider the nth order equation 
LA4 + 6q(t)f(x[g,(t)l,x[gz(t)l,..., x[&t(41) =o, (E? 4 
where 6 = f 1, L,x(t) =x(t), L&t) = a,(t)@,- rx(t))‘, k = 1, 2 ,..., n, J 
Rm + R, ai, gj, q: [to, co) --) R, i = 1, 2 ,..., n, j = 1, 2 ,..., m are continuous, 
a,(t) = 1, ai > 0, i = l,..., n - 1, q(f) nonnegative and not identically zero 
on any ray [t*, co), t* > t, and gj(t) + 00 as t -+ co. Let the set Y = {(y, ,..., 
y,): yi E R and either every yi > 0 or every yi < 0 for i = 1,2,..., m}, and 
define y < z for y = (yr, y, ,..., y,), z = (z,, z2 ,..., z,J E Y provided yi < zi 
for i = 1, 2 ,..., in. 
We will assume that: 
f is nondecreasing on Y, 
.f(Y,> Y *,***, Y,) > 0 if yi > 0 for every i, 
f(Y,Y Y2Y.Y Y,> < 0 if yi < 0 for every i, 
(1) 
(2) 
f have on Ry and Ry the exponential properties: 
f(Y IZI 9 YZZZS.., Y, m z 1 
2 KS (Y 13 Y, >***, Y,) f (z, 3 ‘72 >***> ZJ, 
-f(-YIZ,, -YzZz,**.r -YmZ,) 
(3) 
~~f(y,,yz,...,y,)f(z,,z,,...,z,), 
respectively, where K is a positive constant, and 
1 
m 1 -dx= co, 
+> 
i = 1, 2,..., n - 1. 
The domain II(L,) of L, is defined to be the set of all functions X: 
[to, co) + R such that Ljx(t), 0 < j < n, exist and are continuous on [to, co). 
By a solution of (E, 6) we mean a function x E D(L,) which satisfies (E, S) 
on [I,,, co). A nontrivial solution of (E, 6) is called oscillatory if the set of its 
zeros is unbounded and it is called nonoscillatory otherwise. 
The following lemma generalizes a well-known lemma of Kiguradze [ 131 
and can be proved similarly. 
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LEMMA 1. Let condition (4) hold and let x E D(L,). If x(t)L,x(t) is of 
constant sign and not identically zero for all large t, then there exist t, > t, 
and an integer 1, 0 < I< n, with n + 1 even for x(t)L,x nonnegative or n + 1 
odd for x(t)L,x nonpositive and such that for every t > t, 
and 
l> 0 implies x(t)Lkx(t) > 0 (k = 0, l,..., l- 1) 
I< n - 1 implies (-l)‘+kx(t)Lkx(t) > 0 (k = 1, 1 + l)...) n - 1). 
In [lo] Grammatikopoulos, Sficas and Staikos proved the following: 
LEMMA A. Let u be a positive and n-times dtflerentiable function on an 
interval [to, 00). If u(“)(t) ~4~“~‘) (t) < 0 for t > t,, t, sufficiently large and 
u(“)(t) not identically zero for all large t, then for every A, 0 < 1 < 1, there 
exists a constant M, > 0 such that 
u(&] >MM,(t)“-’ lu”-l(t)1 for all large t. 
Using Lemma A together with Lemma 1 (ai = 1) Grammatikopoulos 
[8,9] obtained the analogous lemma, namely: 
LEMMA B. Let u be a positive v,-times continuously differentiable 
function on [to, a~), the function w(t) = a(t) u(“l)(t) is v,-times continuously 
differentiable on [t,, 00) vi > 1, i = 1, 2, a E C[ [to, co), (0, oo)], 
j 
1 
-ds= 00, 
EL(s) 
where ,n(t) = ,rn;:, a(s). 
0 \ 
If WW2)(t) w(W 1) (t) < 0 for t > t, for some t, > t,, and wCV2)(t) not identically 
zero for all large t, then there exists a T > t, and a positive constant K, such 
that for all t > T 
(9 lw ‘“2~l’(t)] > 0, 
and 
(ii) ds Iw ] (*2- l’(t) I. 
In a similar manner we establish the following lemma: 
LEMMA C. Let u be a positive v,-times continuously dtflerentiable 
function on [to, oo), the function wl(t) = al(t) u(“l)(t) is v,-times continuously 
dtJ2rentiable function on [to, oo), and the function w2(t) = a,(t) w\“*‘(t) is vj- 
times continuously dtfferentiable function on [to, oo), vj > 1, j = 1, 2, 3, 
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aiE C[[&, a>, (0, a)J, J” (l/Pi(S))dS= 00,~i(t)=max,~,,,,~i(s>, i= 1,2. 
If w:“‘)(t) w:v’-‘) (t) < 0 for t > t, for some t, > t, and wCV3’(t) not identically 
zero for all large t, then there exists T > t, and a positive constant K such 
that for each t > T 
(9 I wp”-“(t)l > 0 
and 
(ii) u(t) ~ K dzds Iw:“‘-“(t)l. 1 
Proof The proof is similar to that of Lemma 5 in [8] and hence is 
omitted. 
We let ai E C[[t,, Oo), (0, Oo)], 
(5) 
where ,ai(t) = max t06sStai(s), i = 1, 2 ,..., n - 1. 
By induction we can prove the following: 
LEMMA 2. Let u E D(L,). If L.-,u(t)L,,u(t)<O for all t > t,, t, 
suficiently large and L,u(t) not identically zero for all large t, then there 
exists T > t, and a positive constant A4 such that for each t > T 
0) IL.-,@)I > 0 
and 
(ii) 
.e. ds, IL.-,u(t)l. ] 
For convenience of notation for T > t, and all t > T we let 
w,(T, r, 0 = J t 1 - ds, T hts) w,(T, r, t) = j: -& w k-l(T,r,s)ds 
k = 1, 2 ,..., n - 1. 
We take wO(T, r, t) = a,(T, r, t) = 1. 
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3. THE EQUATION (E, 1) 
THEOREM 1. Suppose that, in addition to conditions (l), (2) and (4)./b 
sufficiently large T and every constant y > 0, we have 
I 
00 
w,-~(T, a, s) q(s) ds = ~0 (6) 
J O” q(s) f(ya,- ,(T, a, g,(s)),..., ya,- ,(T, a, g,(s))) ds = ~0. (7) 
If n is odd, then every solution x(t) of (E, 1) satisfies exactly one of the 
following: 
(I) x(t) is oscillatory; 
(II) Lkx(t) -+ 0 monotonically as t -P co for k = 0, l,..., n - 1; 
(III) L.-,x(t) + 0 and either Lkx(t) + CC or Lkx(t)+ -a~ as t + co 
for k = 0, I,..., n - 2; 
(IV) There exists a constant c > 0 and an integer N satisfying 1 < N < 
n-2,L,x(t)+O as t-+w for k=N+ l,N+2 ,..., n-l, and either 
L,,,x(t) + c and Lkx(t) + co or LNx(t) + -c and Lkx(t) + ---co as t -+ co for 
k = 0, l,..., N - 1. 
If n is even, then x(t) satisfies exactly one of I, III, or IV. 
Proof: Let x(t) be a nonoscillatory solution of (E, l), say x(t) > 0 for 
t> t, > t,. Then there exists a t, > t, so that x[ gi(t)] > 0 for t > t,, 
i = 1, 2,..., m. From (E, 1) and (2) we obtain 
Moreover q(t) f 0 on any ray [t*, co), t* > t, ensures that L,x also has this 
property. Note next that the hypotheses of Lemma 1 are satisfied on [t2, co), 
which implies that there exists t, > t, so that Lkx, k = 0, l,..., n - 1, are of 
fixed sign on [t3, a), lLlx(t)I > 0 and L,-,x(t) > 0 for tat,. Hence 
-44 + Cl as t + co, 0 < c, < co. First suppose 0 < c1 < co. Then there exists 
t, > t, such that ic, < x[ gi(t)] < c, for t > t, and i = 1, 2,..., m. In view of 
(8), the integer I assigned to the solution x by Lemma 1 is such that n + I is 
an odd integer. If 1 > 2, then by Lemma 1 we have L,x and L,x both 
positive and two integrations would yield a contradiction to the boundedness 
of x. Therefore, I= 0 if n is odd and 1= 1 if n is even. It is then a conse- 
quence of Lemma 1 that 
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n odd implies (-l)kLk~(t) > 0 
for t > t, (k = 0, l)...) n - l), (9) 
n even implies (-l)“+lLkx(t) > 0 
fort>t,(k=1,2 ,..., n-1). (10) 
Now a simple induction argument shows that if t > t,, then 
i 
t 
~n--l(b, a, s>q(s)f(x[g,(s)l,...,x[g,(s)l)ds 1.4 
n-1 
= (-l)“-1X(&) + (-l)“x(t) + 1 (-l)j+“Wj(f4, u, t)Ljx(t). 
j=l 
We conclude from (9) and (10) that 
,< I t q(s) w,-A, a, s>f(x[g,(s)l,...,x[g,(s)l)ds < ~0, t4 
which contradicts (6). Therefore, we have that every positive nonoscillatory 
solution x(t) of (E, 1) satisfies either x(t)-+ 0 or x(t) -+ co as t -+ 00. If 
x(t) -+ 0 as t -+ a, then Lkx(t) + 0 monotonically as t + co, k = 1,2 ,..., n - 1. 
To prove it, let /I = lim,,, L,x(t),p~ [-co, 001. If ,8 > 0, there exists a 
constant c2 > 0 and T, > t, so that al(t) x’(t) > c, for all t > T, and hence by 
(4) x(t) + co as t + co, a contradiction. Similarly, if p < 0 we obtain a 
contradiction x(t) + --co as t + 00. Continuing this process we conclude that 
if x(t)+ 0 as t -+ co, then L,x(t)+ 0 monotonically as t + 00, k = 0, I,..., 
n - 1, and II holds in this case. Also note that x(t) --f 0 as t + co cannot 
occur when n is even. To see this we need only to recall that for n even I is 
odd and therefore Lemma 1 implies that x’(t) > 0 so that x(t) + 0 as t + co. 
Thus if x(t) + 0 as t -+ co, then n is odd and II holds. Now assume that 
c = co, i.e., x(t) + co as t -+ co. Since x is monotonic, it follows that x is 
nondecreasing on [t3, co), also LamI x(t) is positive nonincreasing on 
[I,, co). Hence L, _ ix(t) + y as t + co for some nonnegative constant y. We 
show next that y = 0. To do this, assume the contrary that y > 0. Then there 
exists a T2 > t, so that 
for t>T2. 
Thus 
L-z+) > L,-,x(T,) + +j”; -& ds. 
2 n 
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By (4) LnPzx(t)-f co as t + co and hence we conclude that 
LkX(t) + co as t-too for k = 0, l,..., n - 2. 
Thus it follows that Lkx(t), k = 0, l,..., n - 2, all increase without bound as 
t -+ co, and in view of (4) the same is true for ak(t3, a, t), k = 0, l,..., n - 1. A 
repeated application of 1’Hospital’s rule leads to: 
lim x(t) L,x(t) 
&-cc a,-,@,, 4 t> = c!z an-*(t3, a, t) = ..’ 
= lim L 
t-co n - 1 x(t) = Y* 
Since lim t-too gi(t> = ~0, th ere exist constants y1 > 0 and T > t, so that 
-4 &@)I > Yl a,- IG3) a, ‘m> for t > T: 
i = 1, 2 ,..., m. 
Integrating (E, 1) over [t3, t] we obtain 
L-,x(t,)=L,-,x(t) + jt q(s)f(xlg,(s)l,...,x[g,(s)l)ds f3 
> I’ t ds)f(Yl%l(t,, 4 g,(s)L Yl%-*(t3, a, g,(s))> &T 
which contradicts (7). Thus we conclude that L,- Ix(t) --f 0 as t + co. Next 
we examine the behavior of L +*x(t). Note that L,-,x(t) has a fixed sign by 
Lemma 1, and is nondecreasing since L,_ Ix(t) > 0. Now if Lne2x(t) < 0 for 
t > t,, then Lnp2x(t) + 0 as t -+ co, for otherwise there would exist a positive 
constant yz such that L,-,x(t) < -yz for t > t,, which is impossible since 
x(t) > 0 on [t3, co). Continuing in this way it is not diffkult to see that x(t) 
satisfies IV in case L n-zx(t) < 0. Finally, if L,-,x(t) > 0, then x(t) satisfies 
one of III or IV and the proof of the theorem is complete. 
For illustration we consider the following: 
EXAMPLE 1. Consider the equations 
(f (t(fx.)‘)‘)‘fSI”[t’~~]=O, t>o, (El) 
and 
(f (t (+x-)‘)‘)’ + ;,-[P] = 0, t > 0, (Ed 
where a is the ratio of two positive odd integers, 0 < a Q 1. One can easily 
see that the hypotheses of Theorem 1 are satisfied and hence the conclusion 
of Theorem 1 holds. Equation (E,) has a solution x(t) = t3 of type III 
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&,x(t) = 3t, L2x(t) = 3t and L,x(t) = -3/t’, and Eq. (E2) possesses the 
solution x(t) = t3, which satisfies part IV (L, x(t) = 3t*, L,x(t) = 6/t, 
L3x(f) = -6/t and L4x(f) = 6/t3). We may note that the results in [ 1, 5,201 
are not applicable to (E,) or (E,) since at(t) # 1. 
The following theorem is concerned with the comparison of (E, 1) with the 
first order equation 
u’(t) + m(t) fWa,- ,(T> A sl(t>>Y*, Ma,- ,(T, $4 &At>>> 
* fL4gIwlY..~ Y[&(f)l) = 03 
(11) 
where K is as in condition (3) and M is as in Lemma 2. 
THEOREM 2. Let n > 1, g,(t) < t, i = 1, 2 ,..., m, conditions (l)-(3) and 
(5) hold and for all large T either: 
(i) every bounded solution y(t) of (11) is oscillatory, or 
(ii) every nonoscillatory soZution y(t) of (11) satisfies lim,,, y(t) # 0. 
Then we have 
(I) For n even all solutions of (E, 1) are oscillatory. 
(II) For n odd every solution x(t) of (E, 1) is oscillatory or Lkx(t) + 0 
monotonically as t + co, k = 0, l,..., n - 1. 
ProoJ Let x(t) be a nonoscillatory solution of (E, 1). Assume x(t) > 0 
for t > t, > t,. Choose t, > t, so that gi(t) > t, for t 2 t,, i = 1, 2 ,..., m. By 
Lemma 1, there exists a t, > t, such that L,- ]x(t) > 0 for t > t,. Note next 
that the hypotheses of Lemma 2 are satisfied and hence we conclude that 
there exists a t, > t, and M > 0 such that 
x(t) > Ma,- ,(t,, PY t> L,- IX@> for t> t,. 
Choose t, > t, so that gi(t) > t, for t > t,, then we obtain that 
X[gi(t)l >Man-I(t4,Pu, gi(t>>Ln=Ix[gi(t)l 
for every t > t, and i = 1, 2 ,..., m. Let w(t) = L,- ,x(t). Thus 
-w.(t) = -L.x(t) 
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So, for every t, u with t, < t < u we obtain 
Since lim,,, w(u) exists and is nonnegative we have 
W(r)~ITK4(S)f(Ma,-,(r,,~, g,(S)),...,Ma,-,(t,,~u, g,(s)> 
t 
The function w(t) = L, .Ix(t) is strictly decreasing on [t3, co). Hence by 
Theorem 1 in [ 171 we conclude that there exists a positive solution y(t) of 
(11) with lim t+co y(t) = 0. This contradicts the assumption of the theorem. 
We have proved that lim,,, x(t) = 0 and hence we see Lkx(t)-+ 0 
monotonically as t + co, k = 0, l,..., n - 1. Moreover we have I = 0 and so n 
is odd. 
If n is even, then L,x(t) is eventually positive and hence x(t) must 
oscillate. The proof of the case x(t) < 0 for t > t, is similar and hence is 
omitted. 
Remarks. 1. If L,x(t) = (a(t) x(‘-“)(t))(“), l<v<n--1, and 
f(x[gl(t)l,...,x[g,(t)l)=f(x[g(t)l) = Ix”[dt>ll wxk(t)l, a > 0, then 
Theorem 1 in [ 51 is included in our Theorem 1. 
2. If ai( 1, 1 <i<m, and f(x[g,(t)],...,x[g,(t)])=f(xlg(t)])= 
x[ g(t)], then our Theorem 2 includes Theorem 1 in [ 181. 
In the following result we let 
and 
gi(t)=t-zi, ri positive constant, 1 < i < m, 
t = min{r,, t2 ,..., tm} 
where pi, 1 < i < m, are nonnegative constants. 
COROLLARY. Let conditions (l)-(3) and (5) hold. Assume that there 
exist nonnegative constant pj, 1 Q j & m, with Cy!, pi = 1 and for all large 
T 
I 
t 
lim inf t-+03 Ws)fWa,-,(T,p, s - rJ,.-, t--r
409/104/l-7 
88 
and 
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where K and A4 as in condition (3) and Lemma 2, repectively. Then the 
conclusion of Theorem 1 holds. 
Proof: Let x(t) be a nonoscillatory solution of (E, l), say x(t) > 0 for 
t > 1, > t,. By Corollary 1 in [22], Eq. (11) is oscillatory and the conclusion 
follows. 
Remark. Results similar to the above Corollary can be obtained by 
using, for example, results in [ 14, 15, 191. Here we omit the details. 
4. THE EQUATION (E, -1) 
THEOREM 3. Let conditions (l)-(3) and (5) be satisfied and assume that 
there exist real valued functions u, E C’ [[to, CD), (0, a~)] such that 
ui(t> < 2: (min{s, Si(s)}>, a;(t) > 0 and ai + 00 as t --) co (12) 
for t > t, and i = 1, 2,..., m. In addition, suppose that for all suflciently large 
T 
i 
00 
w,-,K a, s> q(s) ds = 00, (13) 
and 
j 
m 
f (a,- 167 pu, a,(s)>,..., a - 107 PU, o,(s))) q(s) ds = ~0. (14) 
If n is even, then every solution x(t) of (E, -1) satisfies exactly one of the 
following: 
(I) x(t) is oscillatory; 
(II) Lkx(t) + 0 monotonically as t -+ co for k = 0, l,..., n - 1; 
(III) Lkx(t) + co or Lkx(t) -t -co monotonically as t+ co for 
k = 0, 1 ,..., n - 1. 
If n is odd, then x(t) satisfies either I or III. 
Prooj Let x(t) be a nonoscillatory solution of (E, -1). Assume x(t) > 0 
for t > t, > t,. Then there exists t, > t, so that x[ui(t)] > 0 for t > t2 and 
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i = 1, 2,..., m. By Lemma 1, there exist an integer 1 and a t, > t, so that IZ + 1 
is even and Lkx(t), k = 0, l,..., n - 1, are of fixed sign on [t3, co). In 
particular x(t) is monotonic and hence either converges to some nonnegative 
number or increases without bound as t + co. Suppose first that x(t) + c > 0 
as t + co. Then there exists t, > t, so that 
f < x(t) < c for t> 1,. 
As in the proof of Theorem 1 we have that Lkx(t) -+ 0 as t--t co for 
k = 1, 2,..., n - 1. Also it is easy to verify that since x(t) is bounded, the 
integer 1 assigned to the solution x by Lemma 1 satisfies 1 < 2. Thus I = 0 for 
n even and I= 1 for n odd. So we have 
n even implies (-l)&L,x(t) > 0 (k = 1, 2,..., n - 1) (16) 
and 
n odd 
for t > t,. Now 
rt 
implies (- 1) k+‘LkX(t) > 0 (k = 1, 2,..., n - 1) (17) 
simple induction argument shows that if t > t,, then 
) We,&, ~3 s>q(s)f(x[g,(s)l,...,x[g,(s)l)ds ’ t4 
n-l 
= (-l)n-2X(t4) + (-1)“-‘x(t) + c (-l)“+j-‘wj(t,, a, t)L,x(t). 
j=l 
From (16) and (17) we note that the right member of the last equation is 
bounded above on [t,, co), which, together with (15), contradicts (16). 
Therefore either x(t) -+ co as t+ co or x(t)+0 as t+ 00. 
For the case x(t) + 0 as t -+ co it is clear from (16) that n is even. 
Therefore if x(t) + 0 as t + co, then x(t) satisfies part II of the conclusion of 
the theorem. 
To complete the proof we examine the case x(t) + co as t + co. First 
suppose that L,-,x(t) > 0 and L,x(t) > 0 for t > t,. This implies that 
L n-,x(t) is nondecreasing. Now if there exists a constant y > 0 such that 
L n-1x(t)+y as t+ co, then as in the proof of Theorem 1 we have 
Lkx(t) + co monotonically as t + co for k = 0, l,..., 12 - 2. Note that this is 
also the case with ak(t3, a, t) for k = 0, l,..., n - 1, and therefore successive 
applications of 1’Hospital’s rule yields 
lim x(t) L,x(t) 
t-m a,- I@3 > a, t) = t’% a,-2(f3, a, t) = ... 
= lim L 
t+m n-lX(t)=y>O. 
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Hence there exists T > t, and a constant yi > 0 such that x[ gi(t)] > yic~,~i 
(t3, a, g,(t)) for t > T and i = 1, 2 ,..., m. Integrating (E, -1) we have 
which contradicts (14). Thus we conclude that L,- ix(t) + co as I -+ co and 
the proof is complete in case L,-,x(t) > 0. 
Now suppose that L,-,x(t) < 0. Then x(t) > 0 and L,x(t) > 0 for t > t, 
together imply that L,- ,x(t) -+ 0 as t + co. Therefore from Lemma 2 and 
condition (12) there exists T, > t, and M> 0 so that for t > T and 
i = 1, 2,..., m 
Note next that L ,-ix(t) is a bounded nonoscillatory solution of the first 
order retarded equation 
where 
z’(t) - P(t>f(z[a,(t)],..., Z[~,(~>l> = 0, (19) 
P(t) = s(t)f(x[g,(t)l,...,x[g,(t)l) 
f(zkIwlY..~ zbmWl> ’
It follows from [ 19, Theorem 1 ] that (19) having a bounded nonoscillatory 
solution implies 
I 
cl2 
P(s) ds < 03. (20) 
Now x is increasing and oi(t) < g,(t), i = 1, 2,..., m, so from (18) we have 
Using condition (3) we have 
W> > Kq(t)f(M%- l(Tly pu, I,,..., Ma,- ,(T,, pcl, u,(t)>) 
> K2f(M-.~ W q(t) f(a,- ,(T,, pu, I,,..., a,- ,(T, , A u,(r))), 
(21) 
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where K is a positive constant (given in (3)). Then (14) and (21) imply that 
j”” P(s) ds = co, contradicting (20), and the proof is complete. 
The following result deals with the comparison of (E, -1) with the second 
order equation 
(a,- ,@I Y’(4)’ - Q(t) fW% - *(T P, gl(~)>Y.~ M% - zv, PY &Iw>> 
. f(Y[ g,(t)L..., Y[ &zwl) = 03 (22) 
where the constants K and M are as in (3) and Lemma 2, respectively. 
THEOREM 4. Let n > 2, gi(t) ( t, i = 1, 2 ,..., m, the conclusion (l)-(3) 
and (5) hold and for all large T 
j O” q(s)f(a.-,(T,pu, g,(s)>,..., a,-,G’-,pu, g,(s)>)ds = ~0, (23) 
and either 
(i) every bounded solution y of (22) is oscillatory; or 
(ii) every nonoscillatory solution y of(22) satisfies lim,,, y(r) # 0. 
Then the conclusion of Theorem 3 holds. 
ProoJ Let x(t) be a nonoscillatory solution of (E, -l), say x(t) > 0 for 
t > t, > t,. Then there exists t, > t, so that x[ gi(t)] > 0 for t > t, and 
i = 1, 2,..., m. By Lemma 1, there exists an integer I, 0 < I < n and a t, > t, 
so that L “_,x(t)>OorL,_,x(t)(Ofort~t,andZ+niseveninteger.The 
case when L n _, x(t) > 0 for t > t, can be handled as in Theorem 3 and hence 
is omitted. Now we consider the case L,-,x(t) < 0 for t > t,. Clearly 
L n-2x(t) > 0 for tat,, for otherwise we obtain a contradiction to the fact 
that x(t) > 0. If lim,,, x(t) = 0, then there is nothing to prove, so we assume 
that lim,,, x(t) > 0. We apply Lemma 2 by replacing (n - 1) by (n - 2) and 
conclude that there exists M > 0 and T > t, so that 
x[gi(t>l Man-2(T~P, gi(t>>Ln-*x[gi(t)l 
for t>Tand i= 1,2 ,..., m. 
Setting w(t) = L.-,x(t), we obtain that for t > T 
(a,- &> WY = Lx(t) 
= q(t)f(x[g,(t)l,...,x[g,(t)l) 
> qWf@fs-AT, pu, g,(O) 4 g,Wlm 
~an-2(TT~u, g,(t)> ~k,Wl) 
> W(t)f(~a,-,(T9~, gdt)),..., Ma,,-,(T,p, g,(t)>) 
* f(~[g,(~)L*..9 4kLlWl). 
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It is easy to check that for t > T 
Man-,V’,~u, g &J>> . f(w[g,(s,)lm w[g,(s,)l) ds, ds. 
The function w(t) = Lnp2x(t) is positive and strictly decreasing for t > T. 
Thus, Theorem 1’ in [ 171 ensures the existence of a positive solution y of 
Eq. (22) with lim,,, y(t) = 0, a contradiction to the assumption of the 
theorem. So, we always have lim,,, x(t) = 0 and consequently the solution x 
satisfies II. Moreover, this is the case of even n. This completes the proof. 
For illustration consider the following example: 
EXAMPLE 2. Consider the equations 
and 
where a is the ratio of two positive odd integers, 0 < a < 1. One can easily 
see that the conditions of Theorem 3 are satisfied and hence the conclusion 
of Theorem 3 holds. Equation (E3) has a solution x(t) = t5” of type III 
&,x(t) = (5/2) t*, L,x(t) = 5t3’2) and Eq. (E.,) possesses the solution 
x(t) = t-‘, which satisfies part II L,x(t) = - 2t-5’2, L,x(t) = 5t-‘, L3x(t) = 
- 15t-7’2). We may note that the results in [6, 10, 16, 181 are not applicable 
to (E3) or (EJ since ai # 1. 
Remarks. 1. Our Theorems 3 and 4 extend and unify Theorem 1 in [ 6 ] 
and Theorem 2 in [ 181. 
2. The results of this paper can also be obtained for equations of the 
form :
Lnx(t) + 6 2 fi(t, x[ gi(t>]> = O7 (El, 8 
i=l 
whereL,,&g,asinEq.(E,6).Foreveryi, l<i<m,A:[t,,,co)XR+R 
is continuous, fi(t, xi)/xi 2 qi(t) for xi # 0 and qi : [to, co) + [0, co) and not 
identically zero on any ray [t*, co), t* > t,. We add that fi, i = 1, 2 ,..., m, 
need not be differentiable or monotone. On such example is f(t, x) = 
q(t)x exp (sin x). 
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